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Summary: Stable consistent numerical schemes are known to converge to the
solution of partial differential equations assuming that these are smooth,
Smooth solutions are not gﬁaranteed for the inviscid equations commonly used in
numerical weather prediction. In such cases the choice of artificial viscosity
can change the limiting solution as the mesh is refined. Examples discussed
include the barotropic vorticity equation and the quasi geostfophic equations,
which usually have smooth solutions; and the one-dimensional shallow water
equations and the geostrophic momentum equations which can have discontinuous

solutions.

1. INTRODUCTION

It is well-known, e.g. Richtmyer and Morton (1967), that the conditions
for a finite difference scheme to converge to the solution of a partial
differential equation are consistency and stability. However, this argument
inherently assumes that the equation has solutions with at least enough
derivatives to make the equation well defined. There are a number of examples
in computational fluid dynamics where systems of equations used to model
physical events have solutione which become discontinuous in a finite time, or
even become infinite. These examples usually arise when dissipative effects
are neglected, a common approximation in cases where gas flows are being modelled
on rather coarse grids. If this happens it is necessary to be careful to define
the problem properly before attempting a numerical solution. For example,
the equations describing transonic flow of a perfect gas have solutions that
become discontinuous at shocks. The differential equations then become meaning-
less. However, the physical conservation laws for mass, momentum and energy
still apply, and can be solved to give a "generalised" solution which may contain
jump discontinuities. It can then be shown that such a solution is the limiting
solution as the viscosity tends to zero of solutions of the viscous equations.
When solving the problem numerically, it is necessary to ensure that the numerical
method solves the conservation laws, rather than the partial differential

equation derived from them.

In meteorology, this difficulty is usually viewed in Fourier space, as
a tendency for smaller and smaller scales to be generated, even though the
initial data may only contain large scales. It is thus used as an explanation

for the loss of atmospheric predictability (Lorenz (1969)). However, generation
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of small scales does not necessarily result in loss of predictability; as, for
instance, the motion of shock waves is completely determined by large-scale
information. An example of a solution exhibiting a rapid scale collapse is shown
in Figs. 1, 2, and 3. The inviscid incompressible three dimensional equations
of flow:

du wVu + Vp = 0

dat

‘ V. u=20 in (L (1.1)

_Su. nd= 0 on ol

are solved in a periodic unit éube L with boundary oJdL at X = -+-0.5, Y = tO.S,
Z= 10.5. The initial data contains vorticity along the lines Y =0, 2 = 0.05
and X = 0, Z = - 0,05 (Fig. 1).
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Fig. 1 Initial data for equation (1.1).
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Fig. 2 Solution at t = 0.2.

The solution at t = .2 is shown in Fig. 2, a rapid scale collapse has occurred
as the filaments tangle. A graph of the L1 norm of vorticity, defined by

iSh= §(Slan RS

is shown in Pig. 3. This evidence shows that it is tending to an infinite
value at about t = 0.4. ’ :
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Eig. 3 Plot of the L1 norm of vorticity against time

This example is still controversial (see Chorin (1981), Brachet et al.
(1983)), and it is not yet certain whether infinite vorticity can be produced
from smooth initial data in a finite time. If it can, then the invisecid
' problem (1.1) becomes meaningless and the viscous terms can no longer be
neglected. Similarly, a proper numerical solution of (1.1) should also diverge
unless viscosity is added. Such divergence is not computational instability,
but reflects a genuine property of the equations being modelled.
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The problem (1.1) may be a fairly accurate model of what goes on on the
smallest scales in the atmosphere, Such rapid generation of small scales is
typical of turbulent flows. However, the atmosphere also contains large scale
organised flows. It is known that these can be described quite accurately by
various approximate systems of equations, using assumptions of hydrostatic and
geostrophic balance. In the rest of this paper we consider the properties of
these approximate equations, and show that, in several cases, more organised
solutions are produced. It is important that the special features of the
approximate equations which allow organised solutions are respected by numerical
algorithms. If this is not done, the correct large scale organised flow may not

be reproduced.

2. QUASI-GEOSTROPHIC EQUATIONS

2.1 The barotropic vorticity equation
One of the simplest approximate equations used to describe meteorological

flows is the barotropic vorticity equation. It is obtained by taking the vertical
average of the primitive equations, and neglecting the vertically meaned
divergence. It gives a reasonable description of the evolution of the 500 mb

flow over short periods. The equations are

w V(5+1£) = 0 (2.1)

+

4>
dt

where

u(x,y) withV.u = 0
A
k xVu

is a unit vector in the vertical

IR UT i

is the Coriolis parameter.

If the domain fL in which (2.1) is solved is assumed doubly periodic, then
u(x,y) is completely determined by 5 (x,y) and the condition'V.g = 0.
Equation (2.1) states that (3 + f) is convected by the wind field u, but the
value of (§ + f) cannot be changed following any fluid element. This means that
the solution 3 (t) at any time t can be obtained by a rearrangement of the
initial data 5(0). All moments of the vorticity:

S 3" JAL , (2.2)

are conserved, and the vorticity thus remains bounded indefinitely. It has been
proved, by using these facts, that given initial data.S(O) of a specified
smoothness (i.e. a certain number of derivatives exist), the solution stays this
smooth for any arbitrary finite time. Thus discontinuities in 5 cannot be

formed in a finite time unless they are present in the initial data (Judovich
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(1964), Kato (1967)). This means that standard finite difference schemes will

remain consistent, and converge to the correct solution if they are stable.

This theorem, of course, only holds for the approximate set of equations
(2.1). However, since these equations are quite accurate for the large scale
vertically meaned flow, the theorem helps to explain why a smooth 500 mb flow
pattern persists. Any numerical solution of the primitive equations will contain
an implied numerical scheme for the barotropic vorticity equation. This scheme
should be designed to conserve the moments (2.2). If it does, then it can be
proved to be a stable approximation to (2.1) and therefore will converge.
However, it is impracticable to conserve all of them in a finite difference
calculation on a fixed mesh. The best that can easily be done is to conserve
the enstrophy S S 2. Though that does not ensure thatls(t) is bounded by its
initial values, it does mean that S(t) will stay bounded for all time. This
argument was used by Arakawa (1966) andSadourny (1975) in constructing finite
difference schemes which conserve the enstrophy for advection by the non-
divergent part of the flow. An advantage of Galerkin methods is that suéh

constraints can naturally be enforced, as in the current ECMWF spectral model.

2.2 The guasi-geostrophic equations
The barotropic vorticity equation cannot describe synoptic developments

driven by baroclinic processes. The next set of equations to be considered is
the simplest set which does, the quasi-geostrophic equations. In the notation of
Pedlosky (1964), these are

Db o7 ped)y o (2.3)
Usags VEga b=y, (2.4)
VU P Ve = <G in .(x,y)X(0,h)

6, +u ex'+' vey = 0 atz=0,h (2.5)

¢ = ?(z), ¢ =x&(§) are density and stability profiles of a given basic state.

¢ is the streamfunction, © the potential temperature and v the potential
vorticity. @ is the northward gradient of the Coriolis parameter.AH is ‘the
horizontal laplacian operater (32/Q5x2 + éz/ByZ). Initial conditions for (2.3.5)
can be specified as values of « everywhere, and values of © at z = 0 and h. The
bouhdary conditions require care. This is because equations (2.3.5) are derived
assuming the Rossby number Ro = U/TL is small, where U and L are typical velocity
and length scales. The boundary conditions must be chosen so that they are

consistent with a solution with small Ro everywhere.

The solutions of (2.3.5) have been analysed by Bemnett and Kloeden (1981a,
b). They are essentially determined by advection of the quasi-geostrophic
potential vorticity w eq. (2.4), and the calculation of 8 by solving. the
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Poisson equation (2.3). The boundary conditions for the Poisson equation at

z = O, h are the Neuman conditions %§ = 0, with 6 determined by (2.5). The
simplest boundary conditions in x and y are periodic, rigid wall conditions can
be used if additional information is given. If © is constant at z = 0 and h,
then Bennett and Kloeden prove that, given smooth initial data, then smooth
solutions exist for arbitrary finite times, if @ = 0, or for a finite time
proportional to @—1 otherwise. They also prove the consistency of the inviscid
problem with the inviseid limit of the viscous problem. Thus this case of
quasi-~-geostrophic motion has similar behaviour to the barotropic vorticity
equation. If, however, the temperature at z = 0 and h is allowed to evolve;
then discontinuities may form in © in a finite time . This would mean that
smooth solutions might cease to exist in the interior also. If this happens,
the scaling used to derive (2.3.5) will be violated since Ro will be large. Thus
the results would not be expected to be physically meaningful.

The theorem proving the eiistence of smooth solutions depends on the
conservation of the gquasi-geostrophic potential vorticity following the
horizontal non-divergent part of the motion. Thus fcfl d{l. is conserved for all
n. If this properly were true for a finite difference approximation it could
be proved to be stable and hence convergent. In practice it is mot conveniently
possible to inforce more than the conservation of potential enstrophy, as is
done by Arakawa and Lamb (1981).

2.3 Summary
Though schemes satisfying quadratic conservation requirements are favoured

by these arguments, and it is almost possible to prove that they converge to the
solutions of the simplified equations, all that is required for an approximation
to the full primitive equations is that the implied approximation to the
simplified equations will remain stable for as long as the scaling assumptions
remain valid. This weager condition is probably satisfied by a much wider

range of schemes than just those which conserve enstrophy or potential enstrophy.

3 SHALLOW WATER AND ADVECTION EQUATIONS

3.1 The advection egquation
The results of the previous section are essentially based on the advection

of vorticity by a two-dimensional nondivergent velocity field. The vorticity
stays bounded by its initial values, which in turn implies that the velocity
field stays smooth, If the flow is divergent such results no longer hold. The

simplest example of this is the one dimensional nonlinear advection equation.

=0 4 (3.1)

4
s
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The solution of this can easily be obtained, for initial data u = £(x), as
u = f(x~ut) (3.2)

Equation (3.2) implicitly determines the solution. However, if f(x) is not
constant, the solution becomes multi-valued. Suppose £(0) = u1,f(1) = U,.
Then the solution (3.2) at x = Yy s t = 1 - takes both the values u,

u
and Uye For this to happen Y17 the soiut%on must become discontinuous,

and therefore the differential equation (3.1) is no longer meaningful. It can
N

be given meaning by either adding a dissipative term c* éh} to the right-hand

side, or by considering instead of (3.1) the conservation law

(#°) = o (3.3)

+

o e
e

[ ] '{Q/

X

Consider the solution of (3.3) for the special initial dafa

= u, x<0 (3.4)

= x>0

2
This is known as the Riemann problem for this equation. Equation (3.3) implies
that the rate of change in u in any finite volume of fluid is equal to the net
flux (%uz) into the volume. This integral statement of the problem can be
solved by a propagation of the discontinuity (3.4) with a speed s given by

2 2
s = duw, - 3 (3.5)

u2 - u

1

This construction allows a solution of (3.3) integrated over fluid volumes to be
found for all time. It can be shown that it is equivalent to a solution of the

weak form of the equation.

j(¢.a..g - M A ax =0 | (3.6)
ot ox ‘

where ﬁ is an arbitrary smooth function.

In order to make the solution unique, it is necessary to apply further
restrictions. If, in the Riemann problem (5.4),u1<.u2, the discontinuity can
still propagate with the speed (3.5). However such a solution is physically
unstable since there is divergence at the shock front which would convert it

into a smooth transition. A more reasonable solution in this case is
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It can be shown that this is the solution obtained as the limit as €—>0 of the
problem with '3&1“/61‘ added to the right hand side. It can also be shown
that (3.7) is the unique solution for which f u2 dx decreases. It can then

be proved that a unique solution of (3.3) is determined by the jump condition
(3.5) at discontinuities and the energy condition that the total energy does not

increase (Chorin and Marsden (1979)).

3.2 The shallow water equations
Consider the shallow water equations, derived from the primitive

equations by vertical averaging, and assume that the variables are all

independent of y.

Su + du + 9 -fv =0

ot ox dx

v +uy + fu = 0 (3.8)
ot dx :

‘Qﬁ+i(¢u)=0

ot dx

The solution of this system was studied by Williams and Hori (1970). They
showed that, for Rossby numbers of order unity, discontinuities in the solution
tended to form in a finite time from smooth initial data. If the Rossby number
is small, then the formation of discontinuities is delayed. It is an open
question whether the version of (3.8) applied to a sphere with parameters
appropriate to the atmosphere has smooth solutions. Sadourny (1975) found an
'energy catastrophe' in long time integrations of these eqﬁations using certain
types of finite differencing.which may indicate either a breakdown of smooth
solutions or of those computational methods. The times involved, however, are
so long as not to be physically relevant; since three dimensional processes
lead to much faster breakdown. The formation of discontinuities in the one-
dimensional system (3.8) may be relevant to certain mesoscale phenomena where

the Rossby number is of order unity.

Once a discontinuity has been formed, equations (3.6) become meaningless,
and must be replaced by the physical conservation laws from which they were
derived. The conservative form, expressing conservation of mass and the two

momentum components is:

SCONENCE SEE (3.9)
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3 (Bv) + 2 (Puv) +ffu = O
ot ax

2(8) + 2 (fu) =0
at ox

It can again be proved that discontinuous solutions of this system can be

constructed, where the speed of jump discontinuities is given by

2 2 i
+ ] = fguvl = (gul (3.10)
o |

s = L

I"‘Iﬁ

u ] Lgv l

where L[ 1] indicates a difference across the jump. (3.10) implies certain
consistency conditions which have to be satisfied if a single jump is to

separate iwo states (,d1u1v1) and ¢2 u, v2). These are that

l:ﬂfv_][ﬂuz + éﬂzl = [ﬂuv][;l‘u] (3.11)
guvlid] = (gullgvl

which together imply that v cannot be discontinuous.

The general solution to (3.9) can be constructed by solving the Riemann
problem, which is to solve (3.9) for the data

: u=u,v v1¢=¢1 x40 )
u

r 2V=V2¢=¢2 xp0 . ) (3-12)

(23R ]
[

..

=

[

It can be shown that the general solution for f.and u looks like that shown in
Fig. 4, with an intermediate state S_ : u = u_ g = ¢x being generated, with one

‘jump and one rarefaction wave separating it from S. and Sr'

1
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Fig. &4 Solution of the Riemann problem with initial data
containing two states S1 and Sr'

'ne solution for v is a simple contact. discontinuity, which separates the
intermediate state Sx into two parts with values (u* v4 ﬂ*) and (u* Vo ﬂ;).
The construction has to be carried out in such a way that characteristics
converge into jumps, and diverging characteristics give rarefaction waves. If
this is done, it can be proved that the total energy will decrease, and the
golution agree with that obtained by adding viscous terms e(ﬂh)xx, e(ﬂﬁ)xx
a.ndC‘ﬂxx to (3.9).

This solution can be obtained by standard centred finite differencing
schemes, provided that the conservative form (3.9) is approximated, and that
artificial viscosity is added which is also in conservative form. Results for
the smooth initial data shown in Fig. 5 are given in Fig. 6. A jump develops
in
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Profiles of u. v and h at Ut/L=0-0

u vandh

Fig. 5- Plot of &, u, and v at t = 0

1.6 .
| Profiles of u, vand h at Ut/L = 2:8

u, vand h

Fig. 6 Solution of equation (3.8) at Ut/

= 2.8 using
conservative finite differencing.

ﬂ and u, while v remains continuous. If the equations are not solved in

conservation form the approximate solutions may not converge to the true

solution. The results obtained using an approximation to (3.6) with artificial

236



viscous terms Guxx, vax and E¢¥x added are shown in Fig. 7. The jump
propagates with the wrong speed and has the wrong height. This is because the
finite difference scheme is not consistent with the conservation law (3.9) but
with a different conservation law. More details of the experiments are given in
Parrett and Cullen (1983).
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Fig. 7 Solution of equation (3.8) using non-conservative differencing.

3.3 Summary

This case is different from the incompressible equations discussed in
Section 2. The inviscid differential equations no longer have smooth solutions,
s0 the usual consistency and stability arguments are inadequate to prove
convergence. We must first choose a conservation law form that expresses the‘
correct physics, and then use a finite difference scheme congistent with that
congservation law together with artificial viscosity that respects it. In
general, there will be many possible conservation lawz that lead to a given
differential equation. The physically correct one may have to be found by

experiment.
4. THE GEOSTROPHIC MOMENTUM EQUATIONS
4.1 Introduction

The scale analysis used to derive the gquasi-geostrophic equations
discussed in Section 2 is known to break down when locally sharp gradients occur.
While vertically averaged fields, such as 500 mb contours, appear smooth, it
is known that vertical cross sections of the atmosphere show sharp chahges in
temperature, humidity and wind. An example is the tephigram shown in Fig. 8,
~which is the Shanwell ascent for 12Z on 1 June 1983. There are
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Fig. 8 Shanwell tephigram for 122, 1 June 1983.

at least two layers of discontinuity in the troposphere, apart from the change
in temperature gradient at the tropopause. Though the scale of the transition
is very small in the vertical, it is large in the horizontal, because similar
jumpe are visible in the tephigrams from other radiosondes taken at +the same
time. Quasi-geostrophic theory cannot be used to describe such a layer, but
thermal wind balance can still be used by stating that the slope of any such
surface is given by

£9 L
g L

where L 3 represents the jump and v is the horizontal wind parallel to the

xd (4.1)
01

surface,as was pointed out by Margules in 1892. The geostrophic momentum
equations are a generalisation of quasi-geostrophic theory designed to be valid

under such conditions.
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4.2 Basic_equations
The geostrophic momentum approximation was introduced first by Eliassen

(1948) and extensively studied by Hoskins, who has reviewed the work in Hoskins
(1982). It is more general than the quasi-geostrophic equations in that advection
by the ageostrophic wind is included. Scaling arguments show that this provides
a consistent approximation for motions where the length scale in one direction is
comparable to the Rossby radius of deformation NH/f, where N is a buoyancy
frequency and H a height scale; and much 1éés than this in the cross direction.
The equations take their simplest form on an f-plane, with rigid upper and lower
boundaries (in pressure coordinates) and with the Boussinesq approximation made.

In terms of the vertical coordinate.

2 <[1- @ | Loy, (4.2)

where P, is a reference surface pressure and HB the scale height Po/@bg); the

equations are

Mg 4 W 4 Vg 4 W L 0 py = 0

ot dx y 0z Jx

‘\'Zg+“}evg+vffg+wf_ug+QQ+fu= 0 (4.3)
ot dx dy dz  Jz

duvdvede = 0

Ix Jdy 2=z

b
"
<
I
i
:
Y
n
®
>

ox €18y 'z
QQ + qé@ + vﬂg + qég 0
ot dx dy 2z

These equations are to be solved in a region NN in the (x,y) plane with
boundary oL , or with doubly-periodic boundary conditions in (%,y). In the

first case the lateral boundary conditions are
u,n= 0 on éIL (4.4)

where n is the outward normal to o, Equations (4.3) can be written in

Lagrangian conservation form (Hoskins and Draghici (1977)) by defining

M=v + fx N=zw=u +F
g g T Y
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whence

DN - f(M-fx) =0
Dt
M + £f(N-fy) =0 (4.6)
Dt
D = 0
Dt
The continuity equafion states that the volume, T, of fluid elements is
preserved, so that
Dt = O : (4-7)
t
Define
2,.2 2
P=¢+%f(x +y°) (4.8)
so that the consistency conditions become
(_é._ "\‘_P t)_P) = (m’ N, ge/eo) (4-9)
ox, Jy, ¢z )

The equations (4.6) thus determine the evolution of the gradients of the single

function P(x,y,2).

4.3 Two dimensional sblutions

This system of equations was used by Hoskins and Bretherton (1972) to
show how a discontinuity in the temperature and iong—front velocity field could
be formed in finite time given a basic state deformation field u = (-uLx,«Ly, O).
The effect of the ageostrophic advection was to tilt the @ and M surfaces so
that they met at the boundary. The equations used are the following subset of

(4.6-9):

D.]_VI_ = -oM

Dt

P = 0 | (4.10)
Dt

DA = - A

bt

P=g + R 2

@2 ) = (m, g%,)

dx, Jz

Since we only consider a two-dimensional cross-section, the area of an element

A is used rather than the volume, ‘T.
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Fig. 9 Typical potential isotherms of solutions to the
Hoskins-Bretherton deformation model.

The first two diagrams in Fig. 9 show the type of solutions obtained by Hoskins
and Bretherton. Contours of constant M and © are assumed to coincide in the
initial data, with slopes determined by (4.1). As time goes on the values of
M decrease while Q stays constant, so that the contours tilt over.
Simultaneously, the areas between contours shrink. The result is that contours
meet at the boundaries. After this happens, the Eulerian equations lose their
validity. However, since we seek solutions with sharp interfaces between air-
masses, with slopes governed by (4.1), it is reasonable to assume that the
Lagrangian equations are still valid. This assumption is merely stating that
the amount of fluid in a given air-mass is conserved, and its properties evolve
according to (4.10). Since most fluid particles never encounter the frontal
zone, it is plausible that (4.10) continues to hold almost everywhere.. Solutions
obtained this way can be checked for self-consistency afterwards by ensuring
that no large ageostrophic accelerations are required. The‘texnlggég is the

only term missing in (4.10) from the full primitive equations.

The third diagram in Fig. 9 shows the continuation of the solufion of
(4.10) after the initial frontogenesis. The front propagates into the fluid
from both boundaries. The two surfaces can never meet, because of conservation
of mass of intermediate fluid elements. The front is still strongest at the

boundaries, in agreement with observations.
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4.4 General solutions

This section gives a brief description of the general solutions of system
(4.6-9). The details are given in Cullen and Purser (1983). At t = 0, assume
that the volume of integration £l is divided into n fluid elements on each of
which M, N, ® and the volume T is given. It is clear that any piecewise
smooth meteorological field can be represented as accurately as desired in this

way, for sufficiently large n. Write these values as-

O - .
b, 00,03, 70} 1gien (4.11)

At any future time, (4.5) statea that

o, =0

i

T—-, =f§0)
1 L

(4.12)
Furthermore, the equations for Mi and Ni can be completely solved given only
the positions of the elements. Thus, it is sufficient to show that, given a
set of values Mi;Ni'eifxﬁ that there is a unique arrangement of the fluid
elements satisfying (4.9). Then x and y will be determined for each element,
and the equations for Mi and Ni integrated forward in time.

The problem of arranging the elements is purely geometric. A hyper-
surface P(x,y,z) has to be found, which is made up of hyperplanes on each of
which VP is constant and specified as (fMi, N, g Qs/eo) and the volume is
specified as Tﬁ. In order to make the surface unique, further conditions have

to be specified.

fit is easieét first to consider an equivalent one-dimensional problem.
This is to find a curve P(x), made up of piecewise straight segments of given
lengths on each of which ¢P is constant and specified. The curve can be
constructed by joining thgxsegments in any order. If we now add the requirement

that the region in (x,s) spaée
s 7 P(x) - ‘ (4.13)
is'cohvex, then'this means that OP must be monotonically increasing in x and

the order of segments is uniquelyxspecified. Thus P(x) is uniquely determined

up to an arbitrary additive constant.
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In order to obtain a constraint like (4.13), recall that the geostrophic
momentum approximation assumes that ageostrophic accelerations are small compared
with the corresponding pressure gradient forces. If the fluid is subject to
convective, inertial or symmetric instability, this assumption will clearly be
invalid. Thus we must seek a solution stable to these types of perturbation.

In the case of continuous solutions, the necessary condition is that the
potential vorticity is non-negative. The potential vorticity q can be shown to

be given by the determinant of the matrix @ where
P ' (4.14)

(see Hoskins (1975), Hoskins and Draghici (1977)). Thus the potential
vorticity can be interpreted geometrically as the curvature of the hypersurface

P(x,y,2z) and the condition q> 0 is equivalent to stating that the hyperspace of
o d
R

s 2 P(x,y,2) ' (4.15)
is convex.

It has been shown by Cullen and Purser (1983) that there is a unique
arrangement of the fluid elements subject to condition (4.15). The mathematics
required is valid in any number of dimensions. In order to illustrate the proof
diagrammatically, we shoﬂ it.in two dimensions. The steps of the proof are shown

in Fig. 10. The aim is to construct a surface S = P(x,y) in (x,z,8s)

Lii fa) Lﬁi k)
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—
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Fig. 10 Construction of solutions to the geostrophic momentum equations.
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space out of an intersection of planes wi with given slopes, The areas of the
intersection of P with each w, are also specified. In order to get the right

areas the planes w, are moved up and down in the s coordinate.

Fig. 10(a) shows the first étep, which is to extend the domain L where
the solution is required into a cylinder V in an extra dimension, measured by the
coordinate s. The surface Y = P(x,z) is then constructed as the intersection of
this cylinder with planes Wy of specified slope, as shown in Pig. 10(b). The
position of the planes is determined by their s coordinates, Si’ at x =2z = 0,
as shown in Fig. 10(c). Fig. 10(c) also shows how the areas of the intersection
of Y with w, and w, varies as the position of w, is changed. Fig, 10(d) shows

a cross section of the surface obtained by intersecting four planes with V.

In order to prove the existence of a unique surface with the correct areas
for the fluid elements, we have to show that any desired combination of areas can
be obtained by moving the planes w, up and down. It is clear from Fig. 10, that
as one plane is moved up and down, the area of its intersection with Y varies
from zero to the whole area of .{l. within a finite range of By The actual
proof is by iteration, making an arbitrary first guess, and then moving the
plane whose area is furthest from the correct one until its area is correct,
and then repeating. The convergence of this process is proved in Cullen and

Purser (1983), as is the uniqueness of the solution.

4.5 Numerical solutions

Now consider the problem of obtaining the solution whose existence has
been discussed in the previous section by conventional numerical technigques.
For simple data it is possible to implement the construction used in the existence
proof, but for practical purposes it is necessary to obtain the solution with
standard finite difference methods, using Eulerian equations. Since the inviscid
Eulerian equations break down at a front, artificial viscosity has to be added to
represent the effects of turbulent mixing. This then leaves the question open
as to whether to add viscosity to the geostrophic momentum equations or to the
primitive equations. For the two dimensional case discussed in section 4.3, the

alternatives can be set out as follows:

8 -fv =10

ox
z
dv + wdvy + AV + wiv + f(pLx+u)=K_c.\12
et dx dz ox
QE + 4 + C)_!I_ = 0 (4'16)
Ox dz
B 4 oud o+ wP - K_%fg
ot dx 3z ox
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M = &%,

dz
and:
du + udu + wdlu + %ﬁ -fv = Kézg (4.17)
d dx 0z x ox

in place of the first equation of (4.16). The scale analysis of Hoskins and
Bretherton suggests that mixing becomes important for vorticities greater than
about 10f, while the terms neglected in the geostrophic momentum equations only
become important for vorticities of about 25f. This suggests the use of (4.16),
since the artificial viscosity will have to be chosen to prevent the vorticity
exceeding 10f. However, it is not at all clear how the solutions should be

judged for physical relevance if they are different.

Numerical solution of (4.17) by standard centred difference methods is
straightforward. A semi~implicit scheme must be used because of the nature of
the upper and lower boundary conditions, which mean that the geopotential at
z = 0 is determined implicitly by the requirement that

SH (Qu + 4 ) dz = O (4.18)
o &x

Numerical solution of (4.16) is much harder because the cross- frontal circulation

is determined implicitly. Following Hoskins (1974) and others, set

u = =Jdx - éf
AT
v o= (4.19)
dx .

where ¢ is a streamfunction for the cross-frontal flow.

Then
N 2 ' =
‘E'S‘Q Yo — 20807 o+ f(f+g‘y_) $,, = @ - (4.20)
6, 92 dz ox

where Q is a forcing term independent of ¢ . In the presence of a front we
seek solutions of (4.20) with continuous ¢ but discontinuous first derivatives
of 4) . It is not obvious that such a problem is well-posed, though it can be
inferred to be as a result of the theorem discussed in the previous section. In
the simplest case of zero potential vorticity, when constant M and ©® surfaces

coincide, the slopes of the constant © lines are given by
S = fo aM (4.21)

Inspection of equations (4.10) for the evolution of M and © shows that
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dg = -ds (4.22)
dt
Thus the effect of the cross-frontal circulation must be to rotate the constant
® lines according to (4.22). This means that C)‘P/ai is specified, where
1 is the direction along an isotherm, but CM"/C),.\ is arbitrary, where n is
the normal to an isotherm. The problem of finding \p now reduces to that

illustrated in Fig. 11. The problem is well posed along each isotherm that

¢ =0

¢ =0

Fig. 11 Isotherms defining the solution procedure for
the cross-front streamfunction equation.

intersects both boundaries, éince ‘N)/ dl and the end values of 4’ are given.
Where isotherms intersect the front, as at A and B, values of J have to be
calculated at A and B using an isotherm that does reach the boundaries; and
then Y calculated along AB.

It is clear from this discussion that a direct solution for \P s OT &
relaxation method designed for elliptic problems, are unlikely to work in this

case. . The solution presented here was obtained by iteration as follows:

. a) Calculate a provisional v, At,e 4+ p ¢ fTOD
- 2 A )
Vieat = Vet At (K.%.Iz -V +¢xc\_v) (4.23)
x ox
= \ 4
Bprpt =0y +ot (BRI
ox
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b)

Iterate, by solving the following system using a pseudo~time variable

T
dut + ;1# - fv = K152u'
ot dx d x
dv + udy + w'dy + fu' = 0
dv dx dz
du' + dw' = 0 (4.24)
Jx dz
M + wde + W = 0
dc ax dz
N - g0/0,
Jz -
w' = 0 at =z = 0, H
If this iteration converges to a state with u' = w' = 0, it will be the

desired so

4.6

lution of (4.16).

Besults

Results for the simplest two dimensional problem described in section 4.3

are described here, with the exception that a free surface boundary condition

was used.

initial da

v

The results are therefore not exactly symmetric about z = #H. The

ta are
-l X

£(X(x,2)-x) (4.25)

6 (x,2) =0, + @1 tan™ ] (5XL§x,z))

where X(x,

x—X(x,z)

z=zH

and the en

u

z) is defined implicitly by the equation

(4.26)

_5g®1,

5 eoLf

1
2
(1 + (8X(x,2))°)
L
d boundary conditions were

P

T—d~Le_d~t at x = <Le

0 (4.27)

o, + 9, tan-1(5)
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Results are shown from three experiments at t =5 x 104 sec with L= 10"5 sec-1,

z

Fig. 12 Solution of equation (4.16) by explicit construction :

potential temperature at t = 5 x 'lOl+ sec.

Fig. 12 shows that obtained by explicit construction of the solution by
geometric methods, with the initial data approximated by 100 segments on each of
which © and M are constant. Only the © field is shown. Fig. 13 shows the
© field obtained by solving equation 4.17. A 200 x 20 grid was used. The
results were substantically unchanged when the resolution was increased to
200 x 40. The artificial viscosity was reduced to the lowest value (1.25x104
mzsec—1)that would allow the computation to reach this time. The discontinuity
is reluctant to propagate into the fluid, as it does in Fig. 12, and close
examination shows that the slopes of the isotherms disagree over a substantial
area above and below the frontal surface. The associated vertical component of
the cross-frontal circulation is shown in Fig. 14. The largest values are near

the centre of the region.
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og*1e ————— 071"
—

Fig. 13 Solution of equation (4.17) by Fig. 14 As Fig. 13 : vertical velocity.

by finite differences: potential

temperature at t = 5 x 104 s€c.

Fig. 15 Solution of equation (4.16) by finite differences :

potential temperature at-t = 5 x -‘IOL+ 5eCe

The solution obtained at the same time using equations 4.16 is shown in
Fig. 15. The solution is much closer to that shown in Fig. 12, apart from the
smearing in the frontal surface, where the solution is similar to Fig. 13. It
was possible to use a much smaller diffusion coefficient for v and & (600 mzsec-1).

The associated vertical circulation is shown in Fig. 16.
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vertical velocitye.

The largest vertical velocities are concentrated nearer the boundaries than in
Fig. 14.

This is in line with observations discussed by Blumen (1980) and
Ogura and Portis (1982).

Further details of these experiments are given in Cullen and Purser

(1983), and examination of the differences between the solutions of (4.16) and
(4.17) is continuing.

Some notes on these are as follows:
a)

If (4.17) is solved with different coefficients for the diffusion
of u and v, the molution changes considerably.

The differences resulting
are as large as the difference between Figs. 13 and 15.

b) The maximum vorticities reached are 12f in Fig. 15 and 5f in Fig. 13,
the minimum Richardson numbers are .08 and .2.

Thus the solution in
Fig. 13 should satisfy the scaling behind the geostrophic momentum

approximation. However, the difference between v as calculated and v

is about 15% near the intersection of the front with the boundary.

c) It is necessary to check that the neglected acceleration terms 65@&
in the solution of (4.16) are small.

Since . is calculated by iter-
3]
ation, a reliable ““/y_ has not been obtained at the time of writing.
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4.7 Summary

This case is again different from those discussed in sections 2 and 3.
The inviscid equations do not have smooth solutions. An inviscid solution of
the geostrophic momentum equations exists, but computational evidence suggests
that it is different from the inviscid limit of the primitive equations; at
least in two dimensions. The latter limit does not seem to be well defined,
since the solution depends on the ratio of the diffusion coefficients. The

physical significance of these results is not yet clear.
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